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Direct numerical simulation data of an evolving Kelvin-Helmholtz instability have
been analyzed in order to characterize the dynamic and kinematic response of
shear-generated turbulent ﬂow to imposed stable stratiﬁcation. Particular emphasis
was put on anisotropy and shear-layer edge dynamics in the net kinetic energy
decay phase of the Kelvin-Helmholtz evolution. Results indicate a faster increase
of small-scale anisotropy compared to large-scale anisotropy. Also, the anisotropy of
thermal dissipation diﬀers signiﬁcantly from that of viscous dissipation. It is found
that the Reynolds stress anisotropy increases up to a stratiﬁcation level roughly corre-
sponding to Rig ≈ 0.4, but subsequently decreases for higher levels of stratiﬁcation,
most likely due to relaminarization. Coherent large-scale turbulence structures are
cylindrical in the center of the shear layer, whereas they become ellipsoidal in the
strongly stratiﬁed edge-layer region. The structures of the Reynolds stresses are
highly one-componental in the center and turn two-componental as stratiﬁcation
increases. Stratiﬁcation aﬀects all scales, but it seems to aﬀect larger scales to a
higher degree than smaller scales and thermal scales more strongly than momentum
scales. The eﬀect of strong stable stratiﬁcation at the edge of the shear layer is highly
reminiscent of the non-local pressure eﬀects of solid walls. However, the kinematic
blocking inherently associated with impermeable walls is not observed in the edge
layer. Vertical momentum ﬂux reversal is found in part of the shear layer. The roles
of shear and buoyant production of turbulence kinetic energy are exchanged, and
shear production is transferring energy into the mean ﬂow ﬁeld, which contributes
to relaminarization. The change in dynamics near the edge of the shear layer has
important implications for predictive turbulence model formulations. C 2015 AIP
Publishing LLC. [http://dx.doi.org/10.1063/1.4922238]
I. INTRODUCTION
Shear-generated turbulence is a fundamental state of ﬂuid ﬂow that is present in the majority
of real-life ﬂuid dynamic systems. The ability of turbulence to mix momentum and scalar ﬁelds
profoundly impacts the global ﬂow ﬁeld characteristics. Body forces arising from density variation
due to, e.g., temperature or salinity diﬀerences, or the Coriolis force associated with an imposed
rotation, may drastically change both the spatial and componental structures of the turbulence and
thus also the overall behavior of the ﬂow ﬁeld. While the buoyancy forces associated with unstable
stratiﬁcation have a tendency to increase the turbulence intensity, stable stratiﬁcation and a rapidly
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rotating frame of reference both have a tendency to suppress turbulence ﬂuctuations and even cause
relaminarization. In the latter case, both internal frictional losses and the mixing of momentum are
substantially reduced. The implications are a signiﬁcantly reduced rate of conversion of turbulence
kinetic energy to internal energy (by the action of viscosity), reduced scale separation between
small and large scale turbulence, and possibly increased large-scale anisotropy.
Transport and dispersion of passive contaminants are governed by turbulence and mean ﬂow
advection, rather than by molecular diﬀusion; the contaminant simply follows the large-scale
three-dimensional and time-dependent velocity ﬁeld. Passive contaminant transport is therefore
expected to respond signiﬁcantly to changes in the componental structure of the ﬂow ﬁeld caused
by the imposition of a stably stratiﬁed background. An analogous situation occurs for dense-gas
releases in an isothermal environment. In this case, the density variation is caused by the density
diﬀerence between the contaminant itself and the ambient air.
Regardless of origin, spatial variation of ﬂuid density generally aﬀects all turbulence scales of
the ﬂow, changing the spatial and componental structure and in some cases even the rate of transfer
of kinetic energy to internal energy. These particular features make stably stratiﬁed ﬂuid ﬂows chal-
lenging to model, both using statistically based turbulence closures and eddy-resolving simulations
that rely on subgrid-scale models. The practical importance of stably stratiﬁed shear turbulence in
general and its relevance to contaminant transport and dispersion constitute the primary motivations
for the present study.
The componental structure of the ﬂow is most commonly characterized by considering the
anisotropy of the turbulence, e.g., the departure from an equipartitioning of turbulence energy in
the three spatial directions. Several quantities can be derived and examined in order to analyze the
anisotropy of a turbulent ﬂow. In the work of Smyth and Moum,1 anisotropy tensors are derived
from the Reynolds stress tensor and the viscous dissipation rate tensor, among others. Investigation
of the anisotropy tensor components, the invariants, and the principal axes of these anisotropy
tensors is conducted to shed light on the anisotropy of the ﬂow. Smyth and Moum1 also consider
various spectral measures of the ﬂow, but no examination of the vertical variations within the shear
layer is carried out.
A more straight-forward analysis of turbulence anisotropy is found in Thoroddsen and Van
Atta,2 where the ratios of various components of the Reynolds stress and viscous dissipation rate
tensors are reported. Reynolds-stress correlation coeﬃcients, cf., e.g., Kim, Moin, and Moser,3 may
also shed light on turbulence anisotropy. Lumley4 demonstrates the use of the well-known “anisot-
ropy invariant map” in order to characterize the anisotropy of a tensor, whereas Kassinos, Reynolds,
and Rogers5 show how the structure tensor framework, which comprises non-local information
about the ﬂow, can reveal information about anisotropy of the turbulence dimensionality.
Pereira and Rocha6 concluded that most second-order closure models inadequately reproduced
the anisotropy features of stably stratiﬁed homogeneous shear ﬂows. The authors connected this to
the structure of the pressure-strain term, which may also be responsible for the inability to predict
turbulence ﬂux suppression in such models.
The objectives of the present study are to characterize the dynamic and kinematic responses of
an imposed initially stably stratiﬁed background on a statistically unsteady shear-generated turbu-
lent ﬂow. Both the smallest dissipative scales as well as the large energy-containing scales will be
considered, the latter being particularly important in contaminant transport. The spatial structure of
the turbulence is to be investigated by means of the single-point structure dimensionality tensor; the
spatial extent of the turbulence structures has direct implications for the deformation of contaminant
ﬁelds. The analyses are based on data from a Direct Numerical Simulation (DNS) of a temporally
evolving Kelvin-Helmholtz (KH) instability at relatively high Reynolds number.
II. MATHEMATICAL MODELING
The present analysis is based on data from the DNS of the evolution of KH billows, reported
by Werne, Lund, and Fritts.7 The Navier-Stokes equations for an incompressible, Newtonian ﬂuid,
using the Boussinesq approximation to incorporate eﬀects of density stratiﬁcation, are given by
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∂iu˜i = 0, (1)
∂tu˜i + u˜ j∂ju˜i = −∂i p˜
ρ0
+ ν∂j∂ju˜i +
ρ
ρ0
gi, (2)
∂t θ˜ + u˜ j∂j θ˜ = κ∂j∂j θ˜, (3)
in which u˜i = u˜i(x, t), p˜ = p˜(x, t), and θ˜ = θ˜(x, t) are the instantaneous velocity, pressure, and
temperature ﬁelds, respectively. Furthermore, ρ(x, t) is the ﬂuid density, ρ0 is a reference density, ν
is the kinematic viscosity, κ is the thermal diﬀusivity, and gi = (0,0,−g) is the gravitational accel-
eration. Temporal and spatial diﬀerentiation is denoted by ∂t = ∂/∂t and ∂i = ∂/∂xi, respectively,
whereas xi = {x1, x2, x3} denotes the streamwise, spanwise, and vertical directions. The Boussinesq
approximation entails that ρ/ρ0 = 1 − α(θ˜ − Θ0), where α is the thermal expansion coeﬃcient of
the ﬂuid and Θ0 is a reference temperature.
The velocity, pressure, and temperature ﬁelds governed by Eqs. (1)–(3) can be decomposed
into mean and ﬂuctuating parts, e.g., for the ith component of the velocity ﬁeld, u˜i(x, t) = Ui(x3, t)
+ ui(x, t), where Ui(x3, t) = 〈u˜i〉x1,x2 is the mean velocity and ui is the ﬂuctuating velocity. Here,〈·〉x1,x2 denotes the horizontal averaging operator, which approximates the ensemble average, 〈·〉, in
the processing of the DNS data.
The transport equations governing the components of the Reynolds stresses, 〈uiu j〉, and turbu-
lent heat ﬂux, 〈uiθ〉, are given by
∂t〈uiu j〉 +Uk∂k〈uiu j〉 = −〈u juk〉∂kUi + 〈uiuk〉∂kUj︸︷︷︸
Pi j
−αgj〈uiθ〉 + gi〈u jθ〉︸︷︷︸
Gi j
− 2ν〈∂kui∂ku j〉︸︷︷︸
εi j
+ν∂k∂k〈uiu j〉 − ∂k〈uiu juk〉 (4)
− 1
ρ0

∂i〈u jp〉 + ∂j〈uip〉 + 1
ρ0
〈p∂jui〉 + 〈p∂iu j〉
︸︷︷︸
φi j
,
∂t〈uiθ〉 +Uk∂k〈uiθ〉 = − 1
ρ0
〈θ∂ip〉−〈ukθ〉∂kUi + 〈uiuk〉∂kΘ︸︷︷︸
Piθ
− κ + ν〈∂kui∂kθ〉︸︷︷︸
εiθ
− ∂k
〈uiukθ〉 − κ〈ui∂kθ〉 − ν〈θ∂kui〉 − giα〈θ2〉. (5)
Pi j and Gi j denote the rate of production of Reynolds stresses by shear and buoyancy forces,
respectively, whereas εi j represents the viscous dissipation rate of 〈uiu j〉. φi j is the pressure-strain
term, which redistributes kinetic energy among the normal components of 〈uiu j〉. Piθ and εiθ denote
the rate of production and rate of viscous dissipation of turbulent heat ﬂux, respectively. Turbulence
kinetic energy, its rates of shear and buoyancy production, and its dissipation rate are deﬁned as
k = 12 〈uiui〉, Pk = 12 Pii, Gk = 12Gii, and ε = 12εii, respectively.
The production rates of the Reynolds stresses, temperature ﬂuctuations, and heat ﬂuxes are
strongly dependent on each other. Figure 1 illustrates the relations between the most dominating
interactions for stratiﬁed shear ﬂow and how they are interconnected through their production
mechanisms. This will be discussed more thoroughly in Sec. IV C.
As part of the turbulence structure analysis, the so-called structure dimensionality tensor is
utilized. The dimensionality tensor is part of the single-point turbulence structure tensor framework
described more thoroughly in, e.g., Kassinos, Reynolds, and Rogers5 and is deﬁned as
Di j = 〈∂iΨk∂jΨk〉, (6)
in which the ﬂuctuating vector stream function, Ψi = Ψi(x, t), i = 1,2,3, is governed by the Poisson
equation
∂k∂kΨi = −ωi. (7)
Here, ωi =  i jk∂juk is the ﬂuctuating vorticity ﬁeld, with  i jk being the cyclic permutation tensor.
The dimensionality tensor contains information distinctly diﬀerent from the Reynolds stress
tensor; while 〈uiu j〉 gives information related to the componental structure of large-scale turbulence,
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FIG. 1. The dynamically dominant connections between shear and buoyancy production terms in stably stratiﬁed shear ﬂow,
cf. Eqs. (4) and (5).
Di j carries information about the spatial structure of large-scale turbulence. The Reynolds stresses
largely aﬀect how a scalar ﬁeld is deformed, whereas the dimensionality of the turbulence is more
associated with the degree of the deformation. A novelty of the dimensionality tensor is that it indi-
rectly carries non-local structural information about the turbulence through the solution of Eq. (7),
despite being a one-point correlation.
In order to characterize large-scale turbulence, the Reynolds stress anisotropy tensor, bi j
= 〈uiu j〉/〈ukuk〉 − δi j/3, and the dimensionality anisotropy tensor, di j = 〈∂iΨk∂jΨk〉/〈∂iΨk∂iΨk〉
− δi j/3, are used. Small-scale anisotropy will be characterized by the viscous and thermal dissipa-
tion rate anisotropy tensors, ei j = 〈∂kui∂ku j〉/〈∂kul∂kul〉− δi j/3 and ti j = 〈∂iθ∂jθ〉/〈∂kθ∂kθ〉− δi j/3.
The second and third invariants of a trace-free, symmetric, second-order tensor can be deﬁned
as I Ix = − 12 xi jx j i and I I Ix = 13 xi jx jkxki, respectively. These are convenient scalar measures of the
tensor xi j. I Ix measures the degree of anisotropy; I Ix = 0 represents an isotropic state. I I Ix > 0
indicates one dominating tensor component (prolate), whereas I I Ix < 0 implies two dominating
components (oblate) (see Figure 2).
It follows from the deﬁnitions of the invariants that, for positive semi-deﬁnite tensors, (I Imin,
I Imax) = (−1/3,0) and (I I Imin, I I Imax) = (−1/108,2/27). The points (0, I Imax), (I I Imin,1/12), and
(I I Imax,−I Imin) in the (I I I,−I I) state space deﬁne the three vertices in the anisotropy invariant map4
shown in Figure 2.
FIG. 2. Illustration of anisotropy invariant map. The three lines represent oblate axisymmetric turbulence, prolate axisym-
metric turbulence, and two-componental turbulence, respectively.
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To facilitate the analysis of the diﬀerent axisymmetric states, the axisymmetry parameter of Lee
and Reynolds,8 given by
Ax =
I I Ix/2
(−I Ix/3)3/2 , (8)
will also be used. This parameter quantiﬁes the degree of turbulence axisymmetry relative to its
realizable maximum for a given anisotropy level: Ax = 1 for prolate axisymmetry, whereas Ax = −1
for oblate axisymmetry.
III. NUMERICAL MODELING
Equations (1)–(3) are solved pseudo-spectrally using a streamfunction-vorticity decomposition
of the velocity ﬁeld9 that automatically satisﬁes (1). Derivatives are computed via wavenumber
multiplication in spectral space; nonlinear terms are computed via multiplication in physical space.
Fast Fourier transforms are used to move between the two spaces. Time stepping is achieved with
the low-storage third-order Runge-Kutta method of Spalart, Moser, and Rogers.10 The domain size
is 4λ × 2λ × 2λ, where λ is the wavelength of the most unstable eigenmode of the KH instability.
This allows the development of four KH billows, aligned in the streamwise direction, thus enabling
far better turbulence statistics than simulations encapsulating only one billow (cf., e.g., Reif et al.11).
The mesh resolution varies as the ﬂow evolves, and the largest grid consists of 3000 × 1500 × 1500
points.
The computational domain is periodic in the two horizontal (x1 and x2) directions. Fixed-
temperature, impenetrable, stress-free top and bottom boundaries are used. Initially, at t∗ = tU0/H
= 0, the ﬂow ﬁeld consists of small perturbations and the most unstable KH eigenmode super-
posed on a background velocity ﬁeld, u˜ = [U0 tanh(x3/H),0,0]. The small perturbations are initi-
ated with a 5/3-Kolmogorov spectrum and a vorticity amplitude of 0.014U0/H . The eigenmode
initial vorticity amplitude is 0.07U0/H . H and U0 denote half the initial shear-layer depth and the
free-stream velocity, respectively. The initial temperature ﬁeld is θ˜ = βx3, where β is a constant.
The parameters characterizing the initial ﬂow ﬁelds are the Richardson number, Ri
= gαβH2/U20 = 0.05, the Reynolds number, Re = U0H/ν = 2500, and the Prandtl number, Pr
= ν/κ = 1. Further details concerning the simulation can be found in Werne, Lund, and Fritts.7
The temporal evolution of KH billows is discussed in, e.g., Werne, Lund, and Fritts,7 Fritts
et al.,12 Palmer, Fritts, and Andreassen,13 Thorpe,14 and Smyth and Moum,15 and it can be summa-
rized brieﬂy as follows: Initial temperature (or, equivalently, density) perturbations in combination
with a mean vertical gradient of streamwise velocity lead to KH waves. The amplitude of these
waves grows, and eventually, the waves break (see Figure 3, top). The ﬂow subsequently becomes
fully turbulent. Turbulent motion is generated by means of velocity shear caused by convective
FIG. 3. Contours of instantaneous vorticity magnitudes at t∗= 50 (top) and t∗= 227 (bottom). It should be noted that x3= 0
corresponds to the center of the shear layer. Cf. also Figure 4.
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FIG. 4. Non-dimensional mean velocity and mean temperature proﬁles, across half the shear layer, at t∗= 0 (· · · · · ·), 50
(– – –), and 227 (—). Cf. also Figure 3.
instabilities and wave breaking. As the ﬂow ﬁeld evolves, it becomes nearly horizontally homoge-
neous (see Figure 3, bottom). The eﬀect of the stably stratiﬁed background becomes increasingly
dominant, suppressing the turbulence intensity and eventually causing relaminarization. Weak grav-
ity waves are also present, but this phenomenon is not investigated presently. Figure 4 shows the
initial mean proﬁles of velocity and temperature, as well as the proﬁles for the two time instances
shown in Figure 3.
IV. RESULTS AND DISCUSSION
The present study addresses the net kinetic energy decay phase of the statistically unsteady
KH evolution, cf. Figure 5. During this phase, stratiﬁcation increases and the turbulence becomes
horizontally homogeneous. The turbulence statistics can therefore be obtained by averaging in the
horizontal directions. In addition, all quantities symmetric about the vertical centerline, x3 = 0, are
also averaged by reﬂection about the symmetry axis to improve statistics.
Figure 5 shows the change in time of turbulence kinetic energy integrated across the shear
layer, k∗ =
∫
kdx3/(U20 H). In the following, three selected instances in time will be in focus (cf.
Figure 5), which roughly correspond to the early, middle, and late stages of the net energy decay
FIG. 5. Change of integrated turbulence kinetic energy, k∗=
∫
kdx3/(U20H ), in time. The symbols mark t∗= 190, 227, and
282. The net kinetic energy decay phase implies t∗  120.
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FIG. 6. Ratio of turbulent production to turbulent dissipation rate across half the shear layer. Pk/ε (· · · · · ·), Gk/ε (– – –),
and (Pk+Gk)/ε (—).
phase. Even though there is a net decay of turbulence kinetic energy at t∗ = 190, a portion of the
domain exhibits positive production of turbulence kinetic energy, as shown in Figure 6(a).
Note that for the late decay stage, it is the negative rate of shear production that causes
(Pk + Gk)/ε < 0, contrary to the more common case where positive shear production is countered
by buoyancy. During this phase, kinetic energy is transferred from the turbulence to the mean ﬂow.
Figure 7 shows the vertical variation of the gradient Richardson number, Rig, across half the
shear layer. This dimensionless number represents the ratio of buoyancy to shear forcing and is here
given by
Rig =
αg∂3Θ
(∂3U1)2 . (9)
It has been shown, both theoretically16 and experimentally,17 that ﬂows with a gradient Richardson
number less than the critical value of Rig,c = 0.25 are dynamically unstable. Gradient Richardson
numbers above this value tend to imply locally stable ﬂow, in which the turbulence is signiﬁcantly
aﬀected by buoyancy. However, due to the spatially and temporally varying nature of stratiﬁed
turbulence, large instantaneous — or even mean — values of the gradient Richardson number at a
given position are by no means a suﬃcient sign of laminar ﬂow, as long as the ﬂow exhibits lower
Richardson numbers at other positions.
FIG. 7. Variation of the gradient Richardson number across half the shear layer at t∗= 190 (· · · · · ·), t∗= 227 (– – –), and
t∗= 282 (—). The critical Richardson number, Rig,c = 0.25, is indicated by a vertical line.
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It can be observed in Figure 7 that the gradient Richardson number increases with time across
the entire shear layer and that maximum stratiﬁcation occurs close to the edge of the shear layer
(x3 ≈ 3.5H). In fact, as the mean velocity gradient tends toward zero with ∂3Θ  0, Rig→ ∞.
Hence, buoyancy completely dominates the ﬂow in this region. Except for the earliest time consid-
ered, Rig > Rig,c across the entire layer.
A. Anisotropy
In laboratory experiments of decaying stratiﬁed turbulence, Thoroddsen and Van Atta2 noted
that small-scale anisotropy seemed to develop faster than large-scale anisotropy. This is unexpected
in light of the common supposition that anisotropy related to stratiﬁcation is imposed directly only
on the larger scales and that small-scale turbulence only indirectly is aﬀected through the cascade
process.18,19
The observation of Thoroddsen and Van Atta2 was made in the absence of mean shear, whereas
in KH ﬂow mean shear initially dominates and remains important throughout the entire evolution.
Figure 8 shows the second invariants of the anisotropy tensors of Reynolds stress (I Ib), viscous
dissipation rate (I Ie), thermal dissipation rate (I It), and dimensionality (I Id) at diﬀerent times. It
can be observed that the relatively faster increase in viscous dissipation rate anisotropy also occurs
in sheared stratiﬁed ﬂow. Furthermore, it can be observed that the increase in anisotropy is larger
near the edge of the shear layer, where the gradient Richardson number is higher. At the layer
edge, where the stratiﬁcation locally is strong, the dissipation rate anisotropy actually surpasses the
Reynolds stress anisotropy. For Rig  Rig,c, the rate of viscous dissipation is almost isotropic.
Componental structure information is carried by both the second invariants of the Reynolds
stress anisotropy tensor (I Ib) and the viscous dissipation rate anisotropy tensor (I Ie). In the center of
FIG. 8. Second invariants of the Reynolds stress (—), viscous dissipation rate (– – –), thermal dissipation rate (· · · · · ·), and
dimensionality ( ) across half the shear layer. |I Imin| = 1/3.
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the layer, both large- and small-scale anisotropy increase with time. Even if the level of large-scale
componental anisotropy always exceeds that of the smaller scales, the small-scale componental
anisotropy has a larger percentage increase with time.
As seen in Figure 8(a), the second invariant of the thermal dissipation anisotropy tensor (I It)
diﬀers greatly from I Ie even though they both represent small scale anisotropy. I It is much more
anisotropic. As time evolves, it is evident that the anisotropy of viscous dissipation becomes more
similar to the anisotropy of the thermal dissipation in the edge region, whereas the diﬀerence in
the center remains approximately the same. Generally, these results suggest that buoyancy has a
stronger impact on local anisotropy than does mean shear in the present ﬂow conﬁguration. This is
in accordance with the theoretical results of Reif and Andreassen,20 which suggest that only for very
small gradient Richardson numbers (Rig  1) can buoyancy eﬀects on local isotropy be ignored in
the presence of mean shear.
Figure 8 also reveals an apparent paradox, which is most prominent for the larger scales:
As stratiﬁcation increases in time, the anisotropy clearly increases across the shear layer. In the
region x3  2.5H , this is consistent with a similar trend of increasing anisotropy with coincident
increasing stratiﬁcation as one moves closer to the edge region. However, close to the layer edge
(x3  2.5H), a reversal of this relationship is evident; increased stratiﬁcation (cf. Figure 7) is
accompanied by a sudden decrease in anisotropy! This pattern holds for every time instance, albeit
with a slight variability in the vertical position at which the anisotropy begins to subside.
The results also suggest that in the net decay phase, the location of maximum Reynolds stress
anisotropy consistently occurs at 0.3 < Rig < 0.45, as shown in Figure 9. For late times (t∗  250),
the values are close to 0.4. That is, up to a certain level of stratiﬁcation (Rig ≈ 0.4) anisotropy
increases, but for stronger levels of stable stratiﬁcation, anisotropy begins to decrease.
Figures 5 and 6 show that the turbulence kinetic energy decreases rapidly and that the turbulent
dissipation rate signiﬁcantly exceeds the turbulent production rate when stratiﬁcation increases.
This indicates relaminarization. Since the anisotropy primarily is caused by the rate of production
term, absence of this mechanism is associated with “return to isotropy.”21 Hence, the combination
of reduced net production and rapidly decreasing turbulence kinetic energy levels indicates that
relaminarization eﬀects are responsible for the reduced anisotropy as Rig  0.4.
Interestingly, in the case of wall-bounded stratiﬁed channel ﬂow, Garcia-Villalba and Del
Alamo22 display a similar trend related to density ﬂuctuations; as the stratiﬁcation level increases,
the normalized root-mean-square density ﬂuctuations increase up to a certain level. However, for
very strong levels of stratiﬁcation, the ﬂuctuations suddenly decrease again. The corresponding
value of the critical gradient Richardson number agrees rather well with that found presently. In
FIG. 9. Maximum values of the second invariant of the Reynolds stress anisotropy tensor within the shear layer (x3 ≤ 3.5H )
vs. the corresponding gradient Richardson number. Circles represent diﬀerent times in the net kinetic energy decay phase,
with lighter color implying later times.
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their paper, Garcia-Villalba and Del Alamo22 use internal gravity waves as an explanation for
altered density ﬂuctuations in the channel core region, but it is unclear whether they mean the
increased ﬂuctuations in general or the particular sudden decrease at higher stratiﬁcation levels. If
it is the latter, an explanation is lacking of how the presence of stronger internal gravity waves can
reduce the density ﬂuctuation levels. In the present case, gravity waves are indeed dominant in the
layer edge, but such waves (quantiﬁed by, e.g., the Brunt-Väisälä frequency) are signiﬁcantly less
correlated with I Ib and Rig.
The second invariant of the dimensionality tensor, I Id, expresses the deviation from spherically
coherent ﬂow structures (in an average sense). It is seen, from Figure 8, that the magnitude of I Id
remains almost constant in time and space, except for the ﬁnal time instance, where a notable peak
appears near the edge region. This peak coincides with the peak in I Ib.
Another interesting feature of the anisotropy regards the turbulence axisymmetry, the state of
which can be inferred from the axisymmetry parameter (Figure 10). For the Reynolds stress anisot-
ropy tensor, Ab = 1 indicates a one-componental (1C) axisymmetric state and Ab = −1 indicates
a two-componental (2C) axisymmetric state. Aside from the physical implications related to the
componentality of the ﬂow, the state of axisymmetry may be an issue in turbulence modeling.
The edge layer seems to be characterized by a 1C state, except for one narrow band in the
immediate vicinity of the edge (x3 ≈ 3.5H), where the Reynolds stresses tend towards an increas-
ingly more 2C state. Inspection of the Reynolds stress components at the latter location reveals that
〈u23〉 > 〈u21〉, meaning that the dominant Reynolds stresses lie in the x2-x3 plane. This may indicate
increased relative vertical motion near the edge as the stratiﬁcation level increases. However, the
Reynolds stresses are 1C in the center region, most likely associated with jet-like motion. Here,
〈u23〉/〈u21〉 decreases with time and thus also with increased stratiﬁcation levels. In fact, by looking
FIG. 10. Axisymmetry parameter values for Reynolds stress (—), viscous dissipation rate (– – –), thermal dissipation rate
(· · · · · ·), and dimensionality ( ) across half the shear layer.
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at the values of 〈u23〉/〈u21〉 against Rig for all instances in time, a similar critical point is found as for
the second invariants (cf. Figure 9); up to Rig ≈ 0.4, relative vertical motion decreases, whereas for
larger values of the gradient Richardson number, relative vertical motion increases.
For the other anisotropy tensors (ei j, ti j, and di j), the value of the axisymmetry parameter
have a diﬀerent physical interpretation. Ax = 1 implies two-dimensional (2D) structures, whereas
Ax = −1 implies one-dimensional (1D) structures. The dissipative velocity scales change from 1D
to 2D in the center region as stratiﬁcation increases. Near the edge, the small scales are always 2D,
reminiscent of near-wall structures. The dissipative thermal scales are 2D in the entire shear layer,
but more so near the edge, meaning that the vertical variations of temperature ﬂuctuations are much
more pronounced than the horizontal variations.
The 2D axisymmetry levels of the dimensionality are also seen to peak around x3 ≈ 2.5H for
t∗ = 282, cf. Figure 10(c). At earlier times, there is a low degree of axisymmetry (i.e., |Ad |  1) at
this location. Closer to the centerline and at the edge, the dimensionality is generally highly 1D for
all times. However, this does not necessarily imply that the structures at these locations are equal in
every respect; on the contrary, the centerline structures are relatively shorter in the streamwise direc-
tion than the structures near the edge, which are more likely to resemble the coherence of near-wall
streaks. In combination with information about the individual dimensionality tensor components, cf.
Figure 11, these results reveal structural information about the ﬂow.
In the center region, the coherence of the Reynolds stresses is organized in ellipsoids which are
stretched in the streamwise direction. Initially, these structures are relatively circular in the x2-x3
plane, but eventually they become more compressed in the vertical direction. Closer to the edge
(1.5H  x3  2.5H), the ellipsoids are much “ﬂatter” for all times, and this feature is also exagger-
ated with time. At the edge (x3 ≈ 3.5H), however, the data imply 1D structures. This information
is included in Figure 11 as conceptual illustrations of the spatial extent of the turbulence structures
for three diﬀerent vertical locations at t∗ = 282. The turbulence structures are approximately parallel
(0◦–20◦ tilting) to the x1-axis for all times and positions.
B. Temporal scales
The ﬂuctuating velocity and temperature ﬁelds can both be associated with speciﬁc length and
time scales. For the velocity ﬁeld, the turbulent time scale is given by T = k/ε, whereas for the
temperature ﬂuctuations, an appropriate time scale is Tθ = 〈θ2〉/εθ. Here, εθ = 2κ〈∂iθ∂iθ〉 is the
thermal dissipation rate. These scales represent the larger scales of turbulent motions.
For the turbulent velocity ﬁeld, the smallest time scale, i.e., the Kolmogorov time scale, is
given by τ =
√
ν/ε. However, to the knowledge of the authors, no equivalent smallest time scale
FIG. 11. Normal components of the dimensionality tensor across half the shear layer at t∗= 282. D11/Dkk (—), D22/Dkk
(· · · · · ·), and D33/Dkk (– – –). Illustrations of the spatial extent of the turbulence structures are included at three vertical
locations.
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FIG. 12. Time scales for velocity and temperature. T = k/ε (—), Tθ = 〈θ2〉/εθ (– – –), 5τ = 5√ν/ε ( ), and 5τθ =
5
√
κεθ/(εiθεiθ) ( ).
for the temperature ﬁeld have been deﬁned. The commonly used Batchelor scale is unsuitable, as
it implicitly assumes εθ ∼ ε and is relevant mainly for Pr  1 (Wyngaard23). The authors therefore
propose to use a thermal time scale given by τθ = κ1/4/(εθg2α2)1/4.
The temporal scales associated with the ﬂuctuating velocity and temperature ﬁelds are shown in
Figure 12. At the edge of the layer, the diﬀerence between the two large scales generally increases
with increased stratiﬁcation, the thermal scale being the largest. In the inner region of the shear
layer, on the other hand, the ratio between the scales is closer to unity for all times, with relatively
small variations in the vertical direction. Stratiﬁcation appears to aﬀect the large thermal scale to a
higher degree than it aﬀects the large turbulence scale.
The small scales become increasingly similar with time. The thermal scale is slightly larger
in the center of the layer, but this situation is reversed at the outer edge, where stratiﬁcation is
larger. It thus seems that for a certain level of stratiﬁcation, the small velocity scale will surpass the
small thermal scale. There is generally little vertical variation in the small scales across the layer, in
comparison to the large scales.
The scale separation between large and small velocity scales evolves diﬀerently in the center
region than at the layer edge; in the former case, scale separation decreases with time, consistent
with the monotonic reduction of the Reynolds number. At the edge of the layer, however, the scale
separation generally increases at later time instances, due to the increase of the large time scale
at x3 ≈ 2.5H . In contrast, the thermal scale separation remains O(10) in the center region for all
times considered, but the separation increases in the layer edge, where the large scale increases
signiﬁcantly. These results corroborate the notion that stratiﬁcation aﬀects larger scales to a higher
degree than it aﬀects smaller scales.
Figure 13 shows the variation of the ratio of mechanical to thermal time scales, R = T/Tθ,
across the shear layer. This ratio is commonly used to device a simple model for εθ, and in the
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FIG. 13. Ratio of mechanical to thermal time scale, R = (k/ε)(〈θ2〉/εθ)−1, across half the shear layer at t∗= 190 (· · · · · ·),
t∗= 227 (– – –), and t∗= 282 (—).
presence of a uniform mean temperature gradient without mean shear, it is found to be a constant
equal to approximately 1.5 (Sirivat and Warhaft24). As seen in Figure 13, the ratio seems to have a
fairly constant value of R ≈ 0.85 in the inner, shear-dominated region, but as stratiﬁcation increases,
the ratio signiﬁcantly decreases at the edge of the layer. The imposition of stratiﬁcation thus seems
to aﬀect the velocity and temperature ﬁelds diﬀerently. For decaying temperature ﬂuctuations in
grid generated turbulence, R = m/n, where m and n are the exponents of the power-law decays for
〈θ2〉 and k, respectively. Even though the value of the mechanical to thermal time scale ratio found
here diﬀers from that found by Sirivat and Warhaft,24 the relation between m and n still gives a
good approximation of R despite the presence of shear. Improved models for the thermal dissipation
might take stratiﬁcation into account directly, cf., e.g., Weinstock25 and Fossum, Wingstedt, and
Reif.26
C. Layer-edge physics
The physics in the strongly vertically inhomogeneous shear-layer edge diﬀers signiﬁcantly
from the inner region which remains almost homogeneous. The observation of large anisotropies,
even on smaller scales, poses signiﬁcant challenges for turbulence models. As an example, the
most common dissipation rate models of today assume local isotropy. Figure 14 shows the ratio of
turbulence to mean ﬂow time scale, which should be Sk/ε  1 for the local isotropy assumption
to hold.20 Clearly, this is not satisﬁed in the current simulation. From considerations in Durbin
and Reif,27 pp. 170–171, it can be shown that for homogeneously sheared turbulence in equilib-
rium, Sk/ε ≈ 5, which is also the condition for which most commonly used Reynolds-Averaged
Navier-Stokes turbulence models are calibrated. However, from Figure 14, it is seen that when strat-
iﬁcation dominates, the value of Sk/ε becomes much larger. Sk/ε  1 implies that the turbulence
time scale is much larger than the mean ﬂow time scale, indicating a laminarization process which
might be diﬃcult to capture with contemporary turbulence models.
Figure 15 shows the variation of the Reynolds stress components across the shear layer. Con-
trary to near-wall behavior (cf., e.g., Moser, Kim, and Mansour28), the ﬁgure shows that as the edge
of the shear layer is approached, 〈u23〉/〈u21〉 0. Furthermore, it can be observed that momentum
ﬂux reversal occurs in the edge layer, i.e., that 〈u1u3〉 changes sign. This phenomenon becomes
more pronounced as the stratiﬁcation increases, and it has several implications that will be discussed
below.
In order to provide an explanation of the ﬂux reversal, a ﬁrst step is to look at the rate of
production of 〈u1u3〉, i.e., P13 = P13 + G13 = −〈u23〉∂3U1 + αg〈u1θ〉. From Figures 15 and 16, it is
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FIG. 14. Turbulence to mean ﬂow time scale ratio, Sk/ε, across half the shear layer at t∗= 190 (· · · · · ·), t∗= 227 (– – –),
and t∗= 282 (—).
evident that whereas 〈u23〉/2k generally increases near the edge, 〈u1θ〉/
√〈uiθ〉〈uiθ〉 decreases and
eventually even changes sign. From an inspection of P13 (ﬁgure not shown here), it is seen that total
production of 〈u1u3〉 becomes negative near the layer edge. Unless the shear component is supplied
with energy via the pressure-strain term, it would rapidly change sign and thus eventually cause
relaminarization.
A consequence of the momentum ﬂux reversal concerns the turbulence kinetic energy. It
can be found that the total production of turbulence kinetic energy, i.e., the sum of both shear
and buoyancy production terms, Pk and Gk, respectively, reduces to Pk = Pk + Gk = 12 P11 + 12G33
= −〈u1u3〉∂3U1 + αg〈u3θ〉 for the present case. Hence, it can be seen that reversal of 〈u1u3〉 leads
to a change of role of the shear production part of Pk. Normally, both in neutral ﬂows and as
seen presently in the layer center (x3  2H) in Figure 6, shear produces turbulence kinetic energy,
whereas buoyancy acts to decrease the energy. At the edge, however, shear actually seems to remove
energy from the ﬂuctuating ﬁeld. Similarly, the buoyancy part of the production of turbulence
kinetic energy, Gk, also changes sign near the layer edge, as a consequence of heat ﬂux reversal
FIG. 15. Normalized Reynolds stress components across half the shear layer for t∗= 282. 〈u21〉/2k (—), 〈u23〉/2k (– – –), and〈u1u3〉/2k (· · · · · ·). The zero Reynolds stress level is marked by a vertical line.
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FIG. 16. Heat ﬂux components across half the shear layer for t∗= 282. 〈u1θ〉/
√〈ukθ〉〈ukθ〉 (—), 〈u2θ〉/
√〈ukθ〉〈ukθ〉
(· · · · · ·), and 〈u3θ〉/
√〈ukθ〉〈ukθ〉 (– – –). The zero heat ﬂux level is marked by a vertical line.
(i.e., the sign change of 〈u3θ〉), cf. Figure 16. In conclusion, the shear and buoyancy contributions to
the turbulence kinetic energy production change roles near the edge of the KH layer.
The evolution of turbulence production can be analyzed, for instance, by looking at the ratio
of total turbulence kinetic energy production to turbulence dissipation rate (i.e., Pk/ε) at diﬀerent
times (see Figure 6). This ratio is found to be close to or below zero and decreasing with time
near the layer edge, suggesting a permanent decay of turbulence, which increases with increased
stratiﬁcation. In the layer center, Pk/ε < 1 at later times, implying turbulence decay locally in this
region. In the outer edge, however, the production-dissipation ratio is much larger than unity, solely
due to buoyant production, owing to large vertical heat ﬂux, 〈u3θ〉.
Finally, some attention should be given to the pressure-strain tensor, as this represents the
crucially important mechanism by which energy is redistributed among the normal components
of the turbulent stress tensor. A straight-forward inspection of Figure 17 shows that for parts of
the domain, the sign of P11 = P11 + G11 = P11 is the same as the sign of the pressure-strain term,
φ11. This is irregular and not captured by common pressure-strain models, such as the simple
FIG. 17. Pressure-strain components and total production of streamwise Reynolds stresses across half the shear layer for
t∗= 282. φ11 (—), φ22 (– – –), φ33 (· · · · · ·), and P11+G11 ( ).
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isotropization of production (IP) model.29 It is interesting to note that in the region where 〈u21〉 is
largest, around x3 ≈ 1.5H − 2H (cf. Fig. 15), the pressure-strain correlation acts as a source term
together with P11.
The vertical pressure-strain component, φ33, changes sign for x3  1.5H , contrary to common
free shear ﬂow behavior. This is similar to what is observed in the near-wall region of wall-bounded
ﬂows,28 corroborating the notion that strong stable stratiﬁcation may in some ways aﬀect turbulence
like an impermeable wall.
V. CONCLUDING REMARKS
DNS data of an evolving KH instability have been analyzed, with particular emphasis on anisot-
ropy and shear-layer edge dynamics in the net kinetic energy decay phase.
The turbulence decay is associated with a negative rate of shear production in parts of the turbu-
lent layer, implying kinetic energy transfer from the turbulence to the mean ﬂow. It is found that
momentum ﬂux reversal, as well as heat ﬂux reversal, is present in parts of the domain. This is related
to a change of roles of shear and buoyancy production of turbulence kinetic energy, with the former
actually transferring energy into the mean ﬂow ﬁeld, which may lead to relaminarization.
The results indicate that the faster increase of small-scale anisotropy relative to large-scale anisot-
ropy, reported earlier2 for shear-free stratiﬁed ﬂow, also holds in the case of sheared stratiﬁed ﬂow.
However, the anisotropy of thermal dissipation (which is also a measure of small-scale anisotropy)
diﬀers signiﬁcantly from that of viscous dissipation; the second invariant of the former exceeds that
of the latter.
Curiously, the present analysis shows that the Reynolds stress anisotropy increases only up to a
certain level of stratiﬁcation, corresponding roughly to Rig ≈ 0.4. For even stronger stratiﬁcation, the
anisotropy begins to decrease. It has been shown that a likely explanation for this is relaminarization.
The coherent structures of the large-scale turbulence are generally cylindrical in the center of
the shear layer. In the layer edge, the structures become increasingly compressed into ellipsoids with
time. The Reynolds stresses are highly 1C in the entire layer, except for a narrow region at the layer
edge, where it turns 2C as stratiﬁcation increases. The region of 2C Reynolds stresses corresponds to
the regionwhere Rig  0.4. The variation of Reynolds stress anisotropy across the layer has important
consequences for dispersion modeling; Gaussian dispersion models commonly utilize the velocity
variance to estimate the deformation of contaminant clouds.30 The variance is thus important for
estimating the spread of a Gaussian puﬀ as well as the decay of peak concentration. Additionally,
the dimensionality tensor could be used to improve dispersion modeling by incorporating the state
of large-scale structures.
As turbulence decays, the separation between the large and small velocity time scales is reduced
in the inner part of the shear layer. Closer to the layer edge, the large time scale — and hence the scale
separation — increases. In the present study, a time scale suitable for thermal dissipation is proposed.
The thermal scale separation increases in the layer edge, but it remains the same in the center region
throughout the decay phase. Stratiﬁcation has amore profound eﬀect on the larger scales, and it seems
to aﬀect the thermal scales more strongly than the momentum scales.
A mechanical to thermal time scale ratio of R ≈ 0.85 is observed in the shear-dominated re-
gion, i.e., approximately half of the reported value24 for shear-free ﬂow with a uniform temperature
gradient.
The dissipation anisotropy and pressure-strain components are highly reminiscent of how they
behave near solid walls. The latter, in particular its association with a change of sign of φ33, sug-
gests that the imposition of strong stable stratiﬁcation mimics the non-local pressure eﬀects of an
impenetrable wall. On the other hand, the Reynolds stresses show little resemblance to their near-wall
behavior, which implies that the kinematic blocking eﬀect of walls is not emulated by the imposed
stable stratiﬁcation. Consequently, turbulence models employed in stably stratiﬁed ﬂows ought to be
non-local to incorporate important eﬀects of the stratiﬁcation. Since the dimensionality tensor resem-
bles its near-wall behavior, models based on this non-local single-point quantity might be beneﬁcial.
In conclusion, there are important indicators of a signiﬁcant change in the dynamics and
kinematics near the strongly inhomogeneous KH layer edge, which has implications for predictive
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turbulence model formulations. For example, large dissipation anisotropies generally imply that the
local isotropy assumption is invalid, meaning that common dissipation rate models may not suﬃce.
Moreover, local pressure-strain models may need to account for non-local eﬀects, cf., e.g., Durbin
and Speziale.31
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